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Albanese varieties with modulus
over a perfect field
Henrik Russell
Abstract
Let X be a smooth proper variety over a perfect field k of arbitrary
characteristic. LetD be an effective divisor onX with multiplicity. We
introduce an Albanese varietyAlb(X,D) ofX of modulusD as a higher
dimensional analogue of the generalized Jacobian of Rosenlicht-Serre
with modulus for smooth proper curves. Basing on duality of 1-motives
with unipotent part (which are introduced here), we obtain explicit and
functorial descriptions of these generalized Albanese varieties and their
dual functors.
We define a relative Chow group of zero cycles CH0(X,D) of mod-
ulus D and show that Alb(X,D) can be viewed as a universal quotient
of CH0(X,D)
0.
As an application we can rephrase Lang’s class field theory of func-
tion fields of varieties over finite fields in explicit terms.
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0 Introduction
The generalized Jacobian variety with modulus of a smooth proper curve X
over a field is a well-established object in algebraic geometry and number
theory and has shown to be of great benefit e.g. for the theory of algebraic
groups, ramification theory and class field theory. In this work we extend this
notion from [Se3, V] to the situation of a higher dimensional smooth proper
variety X over a perfect field k. The basic idea of this construction comes
from [Ru] and is accomplished in [KR1], both only for the case that k is of
characteristic 0. Positive characteristic however requires distinct methods
and turns out to be the difficult part of the story.
To a rational map ϕ : X 99K P fromX to a torsor P under a commutative
algebraic group G we assign an effective divisor mod(ϕ), the modulus of ϕ
(Def. 3.11). Our definition from [KR2] coincides with the classical definition
in the curve case as in [Se3, III, No. 1]. For an effective divisor D on X
the generalized Albanese variety Alb(1)(X,D) of X of modulus D and the
Albanese map alb(1)X,D : X 99K Alb
(1)(X,D) are defined by the following
universal property: for every torsor P under a commutative algebraic group
G and every rational map ϕ from X to P of modulus ≤ D there exists
a unique homomorphism of torsors h : Alb(1)(X,D) −→ P such that ϕ =
h◦alb
(1)
X,D. Every rational map to a torsor for a commutative algebraic group
admits a modulus, and the effective divisors on X form an inductive system.
Then the projective limit lim
←−
Alb(1)(X,D) over all effective divisors D on X
yields a torsor for a pro-algebraic group that satisfies the universal mapping
property for all rational maps from X to torsors for commutative algebraic
groups.
The Albanese variety with modulus (Thm. 0.2) arises as a special case
of a broader notion of generalized Albanese varieties defined by a univer-
sal mapping property for categories of rational maps from X to torsors for
commutative algebraic groups. As the construction of these universal ob-
jects is based on duality, a notion of duality for smooth connected commu-
tative algebraic groups over a perfect field k of arbitrary characteristic is
required. For this purpose we introduce so called 1-motives with unipotent
part (Def. 1.18), which generalize Deligne 1-motives [Dl, Définition (10.1.2)]
and Laumon 1-motives [Ln, Définition (5.1.1)]. In this context, we obtain
explicit and functorial descriptions of these generalized Albanese varieties
and their dual functors (Thm. 0.1).
In a geometric way we define a relative Chow group of 0-cycles CH0(X,D)
with respect to the modulus D (Def. 3.27). Then we can realize Alb(1)(X,D)
as a universal quotient of CH0(X,D)0, the subgroup of CH0(X,D) of cycles
of degree 0 (Thm. 0.3), in the case that the base field is algebraically closed.
The relation of CH0(X,D) to the K-theoretic idèle class groups from [KS]
gives rise to some future study, but is beyond the scope of this paper. Using
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these idèle class groups, Önsiper [Ön] proved the existence of generalized
Albanese varieties for smooth proper surfaces in characteristic p > 0.
Lang’s class field theory of function fields of varieties over finite fields
[Se3, V] is written in terms of so called maximal maps, which appeared as
a purely theoretical notion, apart from their existence very little seemed to
be known about which. The Albanese map with modulus allows to replace
these black boxes by concrete objects (Thm. 0.4).
We present the main results by giving a summary of each section.
0.1 Leitfaden
Section 1 is devoted to the following generalization of 1-motives: A
1-motive with unipotent part (Definition 1.18) is roughly a homomorphism
[F → G] in the category of sheaves of abelian groups over a perfect field
k from a dual-algebraic commutative formal group F to an extension G
of an abelian variety A by a commutative affine algebraic group L. Here
a commutative formal group F is called dual-algebraic if its Cartier-dual
F∨ = Hom(F ,Gm) is algebraic. 1-motives with unipotent part admit du-
ality (Def. 1.21). The dual of [0→ G] is given by [L∨ → A∨], where L∨ =
Hom(L,Gm) is the Cartier-dual of L and A∨ = Pic0A = Ext
1(A,Gm) is the
dual abelian variety of A, and the homomorphism between them is the con-
necting homomorphism associated to 0 → L → G → A → 0. In particular,
every smooth connected commutative algebraic group over k has a dual in
this category. Moreover, these 1-motives may contain torsion.
Section 2. LetX be a smooth proper variety over a perfect field k. In the
framework of categories of rational maps from X to torsors for commutative
algebraic groups (Def. 2.8), we ask for the existence of universal objects
(Def. 2.14) for such categories, i.e. objects having the universal mapping
property with respect to the category they belong to. Assume for the moment
k is an algebraically closed field. Then a torsor can be identified with the
algebraic group acting on it. A necessary and sufficient condition for the
existence of such universal objects is given in Theorem 2.16, as well as their
explicit construction, using duality of 1-motives with unipotent part. (This
was done in [Ru] for char(k) = 0.) We pass to general perfect base field in
Theorem 0.1.
In particular we show the following: Let DivX be the sheaf of relative
Cartier divisors, i.e. the sheaf of abelian groups that assigns to any k-algebra
R the group DivX(R) of all Cartier divisors on X ⊗k R generated locally on
SpecR by effective divisors which are flat over R. Let PicX be the Picard
functor and Pic0,redX the Picard variety of X. Then let Div
0,red
X be the inverse
image of Pic0,redX under the class map cl : DivX −→ PicX . A rational map
ϕ : X 99K G, where G is a smooth connected commutative algebraic group
with affine part L, induces a natural transformation τϕ : L∨ −→ Div
0,red
X
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(No. 2.2.1). If F is a formal subgroup of Div0,redX , denote by MrF (X) the
category of rational maps for which the image of this induced transformation
lies in F . If k is an arbitrary perfect base field, we define MrF (X) via base
change to an algebraic closure k (Def. 2.13).
Theorem 0.1. Let F be a dual-algebraic formal k-subgroup of Div0,redX . The
category MrF (X) admits a universal object alb
(1)
F : X 99K Alb
(1)
F (X). Here
Alb
(1)
F (X) is a torsor for an algebraic group Alb
(0)
F (X), which arises as an
extension of the classical Albanese Alb(X) by the Cartier-dual of F . The
algebraic group Alb(0)F (X) is dual to the 1-motive
[
F −→ Pic0,redX
]
, the ho-
momorphism induced by the class map cl : DivX −→ PicX .
Theorem 0.1 results from (the stronger) Theorem 2.16, which says that
a category of rational maps to algebraic groups (over an algebraically closed
field) admits a universal object if and only if it is of the shape MrF (X)
for some dual-algebraic formal subgroup F of Div0,redX , and Galois descent
(Thm. 2.21). The generalized Albanese varieties Alb(i)F (X) (i = 1,0) satisfy
an obvious functoriality property (Thm. 2.22).
Section 3 is the main part of this work, where we establish a higher di-
mensional analogue to the generalized Jacobian with modulus of Rosenlicht-
Serre. LetX be a smooth proper variety over a perfect field k. We use the no-
tion of modulus from [KR2], which associates to a rational map ϕ : X 99K P
an effective divisor mod(ϕ) on X (Def. 3.11). If D is an effective divisor on
X, we define a formal subgroup FX,D = (FX,D)e´t ×k (FX,D)inf of DivX (cf.
Def. 3.14) by the conditions
(FX,D)e´t =
{
B ∈ DivX(k)
∣∣ Supp(B) ⊂ Supp(D)}
and for char(k) = 0
(FX,D)inf = exp
(
Ĝa ⊗k Γ
(
X,OX (D −Dred)
/
OX
))
where exp is the exponential map and Ĝa is the completion of Ga at 0,
and for char(k) = p > 0
(FX,D)inf = Exp
(∑
r>0
rŴ ⊗W (k) Γ
(
X,filFD−DredWr(KX)
/
Wr(OX)
)
, 1
)
where Dred is the underlying reduced divisor of D, Exp denotes the Artin-
Hasse exponential, rŴ is the kernel of the rth power of the Frobenius on the
completion Ŵ of the Witt group W at 0 and filFDWr(KX) is a filtration of
the Witt group (Definition 3.2). Let F0,redX,D = FX,D ×DivX Div
0,red
X be the
intersection of FX,D and Div
0,red
X . The formal groups FX,D and F
0,red
X,D are
dual-algebraic (Prop. 3.15).
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Then it holds mod(ϕ) ≤ D if and only if im(τϕ) ⊂ F
0,red
X,D (Lem. 3.16).
This yields (cf. Thm. 3.18 and Thm. 3.19)
Theorem 0.2. The category Mr(X,D) of those rational maps ϕ : X 99K P
s.t. mod(ϕ) ≤ D admits a universal object alb(1)X,D : X 99K Alb
(1)(X,D),
called the Albanese of X of modulus D. The algebraic group Alb(0)(X,D)
acting on Alb(1)(X,D) is dual to the 1-motive
[
F0,redX,D −→ Pic
0,red
X
]
.
The Albanese varieties with modulus Alb(i)(X,D) (i = 1,0) are functo-
rial (Prop. 3.22). In the case that X = C is a curve, our Albanese with
modulus Alb(i)(C,D) coincide with the generalized Jacobians with modulus
J (i)(C,D) of Rosenlicht-Serre (Thm. 3.25 and Galois descent).
A relative Chow group CH0(X,D) of modulus D is introduced in Def-
inition 3.27. We say a rational map ϕ : X 99K P to a torsor P under a
commutative algebraic group G factors through CH0(X,D)0 if the associ-
ated map on 0-cycles of degree 0 (where U is the open set on which ϕ is
defined) Z0(U)0 −→ G(k),
∑
li pi 7−→
∑
li ϕ(pi) factors through a ho-
momorphism of abstract groups CH0(X,D)0 −→ G(k). We show (cf. Thm.
3.29)
Theorem 0.3. Assume k is algebraically closed. A rational map ϕ : X 99K
P factors through CH0(X,D)0 if and only if it factors through Alb
(1)(X,D).
In other words, Alb(0)(X,D) is a universal quotient of CH0(X,D)0.
The theory of Albanese varieties with modulus has an application to the
class field theory of function fields of varieties over finite fields. Let X be a
geometrically irreducible projective variety over a finite field k = Fq. Let k
be an algebraic closure of k . Let KX denote the function field of X, let KabX
be the maximal abelian extension of KX . From Lang’s class field theory one
obtains
Theorem 0.4. The geometric Galois group Gal
(
KabX /KX k
)
is isomorphic
to the projective limit of the k -rational points of the Albanese varieties of X
with modulus D
Gal
(
KabX
/
KX k
)
∼= lim←−
D
Alb(0)(X,D)(k)
where D ranges over all effective divisors on X rational over k .
The proof of Theorem 0.4 is analogous to the proof of Lang’s class field
theory given in [Se3, VI, § 4, No. 16–19], replacing maximal maps by the
universal objects alb(1)X,D : X 99K Alb
(1)(X,D) for the category of rational
maps to k -torsors of modulus ≤ D from Theorem 0.2.
Acknowledgement. I owe many thanks to Kazuya Kato for his hospi-
tality, help and support. His influence on this work is considerable. I also
thank the referee for helpful suggestions. In particular I replaced my original
proof of Theorem 1.19 by a shorter argument due to the referee.
5
1 1-motives
The aim of this section is to construct a category of generalized 1-motives
that contains all smooth connected commutative algebraic groups over a
perfect field and provides a notion of duality for them.
1.1 Algebraic groups and formal groups
I will use the language of group functors, algebraic groups and formal groups.
References for algebraic groups are [DG] and [Wa], for formal groups and
Cartier duality are [SGA3, VIIB], [Dm, II] and [Fo, I].
By algebraic group resp. formal group I will always mean a commutative
(algebraic resp. formal) group.
Let k be a ring (i.e. associative, commutative and with unit). Set denotes
the category of sets, Ab the category of abelian groups. Alg/k denotes the
category of k-algebras, and Art/k the category of finite k-algebras (i.e. of
finite length). A k-functor is by definition a covariant functor from Alg/k
to Set. A formal k-functor is by definition a covariant functor from Art/k
to Set. A (formal) k-functor with values in Ab is called a (formal) k-group
functor.
A k -group (or k -group scheme) is by definition a k -group functor with
values in Ab whose underlying set-valued k -functor is represented by a k -
scheme. The category of k -groups is denoted by G/k , the category of affine
k -groups by Ga/k . An algebraic k -group (or just just algebraic group) is a
k -group whose underlying scheme is separated and of finite type over k . The
category of algebraic k -groups is denoted by aG/k , the category of affine
algebraic k -groups by aGa/k .
Now let k be a field. A formal k -scheme is by definition a formal k -
functor with values in Set which is the limit of a directed inductive system
of finite k -schemes. Let A be a profinite k -algebra. The formal spectrum of
A is the formal k -functor that assigns to R ∈ Art/k the set of continuous
homomorphisms of k -algebras from the topological ring A to the discrete
ring R: SpfA (R) = Homcont
k -alg(A, R).
A formal k-group (or just formal group) is a formal k -group functor with
values in Ab whose underlying set-valued formal k -functor is represented by
a formal k -scheme, or equivalently is isomorphic to SpfA for some profinite
k -algebra A. The category of formal k -groups is denoted by Gf /k .
Remark 1.1. A formal k -group F : Art/k −→ Ab extends in a natural
way to a k -group functor F˜ : Alg/k −→ Ab, by defining F˜(R) for R ∈
Alg/k as the inductive limit of the F(S), where S ranges over the finite
k -subalgebras of R. If F = SpfA for some profinite k -algebra A, then
F˜(R) = Homcont
k -alg(A, R) for every R ∈ Alg/k .
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Theorem 1.2. A formal k -group F is canonically an extension of an étale
formal k -group Fe´t by an infinitesimal (= connected) formal k -group (i.e. the
formal spectrum of a local ring) Finf . Here Fe´t (R) = F (Rred) and Finf (R) =
ker
(
F (R) −→ F (Rred)
)
for R ∈ Art/k , where Rred = R/Nil(R). If the base
field k is perfect, there is a unique isomorphism F ∼= Finf ×k Fe´t.
Proof. [Dm, I, No. 7, Prop. on p. 34] or [Fo, I, 7.2, p. 46].
Let R be a ring. An R-sheaf is a sheaf (of sets) on Alg/R for the topology
fppf. An R-sheaf with values in Ab is called an R-group sheaf. The category
of R-group sheaves is denoted by Ab/R.
Let k be a field. The category of k -groups G/k and the category of formal
k -groups Gf /k are full subcategories of Ab/k . This can be seen as follows:
A k -functor that is represented by a scheme is a sheaf, see [DG, III, § 1, 1.3].
This gives the sheaf property for G/k by definition. For Gf /k we can reduce
to this case by Remark 1.1 and the fact that a formal k -group is the direct
limit of finite k -schemes.
1.1.1 Linear group associated to a ring
Let k be a field.
Definition 1.3. Let R be a k-algebra. The linear group associated to R is
the Weil restriction LR := ΠR/kGm,R := Gm (?⊗R) of Gm,R from R to k.
If S is a finite k -algebra, then LS is an affine algebraic k -group, according
to [DG, I, § 1, 6.6].
Lemma 1.4. Let k be a perfect field. Every affine algebraic k -group L is
isomorphic to a closed subgroup of LS for some S ∈ Art/k .
Proof. By Galois descent we can reduce to the case that k is algebraically
closed. Every affine algebraic k -group L is isomorphic to a closed subgroup
of GLr for some r ∈ N (see [Wa, 3.4 Thm. p. 25]). Let ρ : L −→ GLr
be a faithful representation. Define S to be the group algebra of ρ(L), i.e
the k -subalgebra of the algebra of (r × r)-matrices Matr×r(k) generated by
ρ(L)(k). In particular, S is finite dimensional. Here we may assume that
L is reduced, hence determined by its k -valued points: otherwise embed the
multiplicative part into (Gm)t for some t ∈ N (see [DG, IV, § 1, 1.5]) and
the unipotent part into (Wr)n for some r, n ∈ N (see [DG, V, § 1, 2.5]), and
replace L by (Gm)t ×k (Wr)n. Then ρ(L)(k) is contained in the unit group
of S, and ρ : L −→ Gm (?⊗ S) = LS is a monomorphism from L to LS.
1.1.2 Cartier duality
Let k be a field. We will use the functorial description of Cartier-duality
as in [Dm, II, No. 4]. We may consider formal groups as objects of Ab/k ,
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cf. Remark 1.1. Let G be a k -group sheaf. Let HomAb/k (G,Gm) be the
k -group functor defined by R 7−→ HomAb/R
(
GR,Gm,R
)
, which assigns to a
k-algebra R the group of homomorphisms of R-group sheaves from GR to
Gm,R.
Theorem 1.5. If G is an affine group (resp. formal group), the k -group func-
tor HomAb/k (G,Gm) is represented by a formal group (resp. affine group)
G∨, which is called the Cartier dual of G.
Cartier duality is an anti-equivalence between the category of affine groups
Ga/k and the category of formal groups Gf /k . The functors L 7−→ L∨ and
F 7−→ F∨ are quasi-inverse to each other.
Proof. See [SGA3, VIIB, 2.2.2] or [Fo, I, 5.4, p. 37] for a description of
Cartier duality via bialgebras. See [Dm, II, No. 4, Thm p. 27] for one direc-
tion of the functorial description of Cartier duality (it is only one direction
since formal groups and affine groups are not considered as objects of the
same category there). According to No. 1.1 and the properties of the group
functor HomAb/k (G,Gm) as described in [DG, II, § 1, 2.10], it is an easy
exercise to invert the given direction L 7−→ L∨ of the functorial description
(one has to replace affine groups by formal groups, ⊗k by ⊗̂ k , Homcontk -alg by
Homk -alg and Spf by Spec).
Lemma 1.6. Let L be an affine group and R a k -algebra. The R-valued
points of the Cartier-dual of L are given by L∨(R) = HomAb/k (L,LR) .
Proof. The statement is due to the fact that Weil restriction is right-
adjoint to base extension:
L∨(R) = HomAb/R (LR,Gm,R) = HomAb/k
(
L,Gm,R (?⊗R)
)
.
Cartier dual of a multiplicative group
Proposition 1.7. Let L be an affine k -group. Then L is multiplicative if
and only if the Cartier-dual L∨ is an étale formal k -group.
Proof. [Dm, II, No. 8].
Example 1.8. In particular, the Cartier-dual of a split torus T ∼= (Gm)
t is
a lattice of the same rank: T∨ ∼= Zt, i.e. a torsion-free étale formal group.
Proposition 1.9. Let L be a multiplicative k -group. Then L is algebraic if
and only if L∨(k) is of finite type.
Proof. [DG, IV, § 1, 1.2].
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Cartier dual of a unipotent group
Proposition 1.10. Let L be an affine k -group. Then L is unipotent if and
only if the Cartier-dual L∨ is an infinitesimal formal k -group.
Proof. [Dm, II, No. 9].
Example 1.11 (Cartier duality of Witt vectors). Suppose char(k) = p > 0.
LetW denote the k -group of Witt-vectors, Wr the k -group of Witt-vectors of
finite length r. Let Ŵ be the completion of W at 0, i.e. Ŵ is the subfunctor
of W that associates to R ∈ Alg/k the set of (w0, w1, . . .) ∈W (R) such that
wν ∈ Nil(R) for all ν ∈ N and wν = 0 for almost all ν ∈ N. Moreover let
rŴ = ker
(
Fr : Ŵ −→ Ŵ (p
r)
)
be the kernel of the rth power of the Frobe-
nius F. Let Λ denote the affine k-group which associates with R ∈ Alg/k
the multiplicative group 1 + tR[[t]] of formal power series in R. Let E be
the series E (t) = exp
(
−
∑
r≥0
tp
r
pr
)
=
∏
r≥1
(r,p)=1
(1− tr)µ(r)/r , where µ de-
notes the Möbius function. The Artin-Hasse exponential is the homomor-
phism of k-groups Exp : W −→ Λ defined by Exp(w, t) := Exp(w)(t) :=∏
r≥0 E
(
wrt
pr
)
. For details see e.g. [Dm, III, No.s 1 and 2].
Then Ŵ (resp. rŴ ) is Cartier-dual to W (resp. Wr), and the pairing
〈?, ?〉 : Ŵ×W −→ Gm
(
resp. 〈?, ?〉 : rŴ ×Wr −→ Gm
)
is given by 〈v,w〉 =
Exp (v · w, 1) =
∏
r≥0
s≥0
E
(
vp
s
r w
pr
s
)
. See [DG, V, § 4, Prop. 4.5 and Cor. 4.6].
Proposition 1.12. Suppose char(k) = p > 0. Let L be an affine k -group.
The following conditions are equivalent:
(i) L is unipotent algebraic.
(ii) There is a monomorphism L →֒ (Wr)
n for some r, n ∈ N.
(iii) There is an epimorphism (rŴ )n ։ L∨ for some r, n ∈ N.
(Here we use the notation from Example 1.11.)
Proof. (i)=⇒(ii) [DG, V, § 1, 2.5].
(ii)=⇒(i) The underlying k -scheme of Wr is the affine space Ar, thus
Wr is algebraic. 0 = W0 ⊂ W1 ⊂ W2 ⊂ . . . ⊂ Wr is a filtration of Wr
with quotients Wν/Wν−1 ∼= W1 = Ga, hence Wr is unipotent, according to
[DG, IV, § 2, 2.5]. Products of unipotent groups and closed subgroups of a
unipotent group are unipotent by [DG, IV, § 2, 2.3]. Since L is isomorphic
to a closed subgroup of (Wr)
n, it is unipotent and algebraic.
(ii)⇐⇒(iii) This is due to Cartier-duality of Witt vectors, see Exm. 1.11.
1.1.3 Dual abelian variety
Let k be a field. Let A be an abelian variety over k. The dual of A is
given by A∨ = Pic0A. According to the generalized Barsotti-Weil formula
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(see [Oo, III.18]), the dual abelian variety A∨ represents the k-group sheaf
Ext1Ab/k (A,Gm), associated to R 7−→ Ext
1
Ab/R (AR,Gm,R) .
Proposition 1.13. Let A be an abelian k -variety and S a finite k-algebra.
There is a canonical isomorphism Ext1Ab/k (A,LS)
∼
−→ Ext1Ab/S (AS ,Gm,S) .
Thus the S-valued points of the dual abelian variety are given by A∨(S) =
Ext1Ab/k (A,LS).
Proof. Consider the following composition of functors on Ab/S:
HomAb/k (A, ?)◦ΠS/k : G 7−→ HomAb/k
(
A,G (?⊗ S)
)
= HomAb/S(AS , G).
Since Ext1Ab/k (A,LS) resp. Ext
1
Ab/S (AS ,Gm,S) is identified with the set of
primitive elements in H1
(
A,LS(OA)
)
resp. H1
(
AS ,Gm(OAS )
)
(see [Se3, VII,
No. 15, Thm. 5] resp. [Oo, III.17.6]), we may compute these Ext-groups using
the étale site instead of the flat site, according to [Mi, III, Thm. 3.9]. As S
is a finite k-algebra, the Weil restriction ΠS/k : G 7−→ G (?⊗ S) is exact for
the étale topology (see [Mi, II, Cor. 3.6]). Then the exact sequence of low
degree terms of the Grothendieck spectral sequence yields a canonical isomor-
phism
(
R1HomAb/k (A, ?)
)(
ΠS/k(Gm)
) ∼
−→ R1
(
HomAb/k (A, ?)◦ΠS/k
)
(Gm)
(see [Mi, App. B, Cor. 2]), showing the statement.
1.1.4 Extensions of formal groups
Let k be a field.
Lemma 1.14. Ext1Ab/k (F ,Gm) = 0 for any dual-algebraic formal k -group
F .
Proof. Let L be the affine algebraic group dual to F . Let R be a k -
algebra. We show that Ext1Ab/R(L
∨
R,Gm,R) = 0 flat locally over SpecR. As
L has a filtration 0 = L0 ⊂ L1 ⊂ . . . ⊂ Lr = L with quotients equal to
Gm, Ga or a finite k -group, it suffices to show the statement for L = Gm, Ga
or a finite group.
If L is a finite k -group, the Cartier dual L∨ is again a finite k -group F ,
and Ext1Ab/R(FR,Gm,R) = 0 flat locally according to [Mi, III, § 4, Lem. 4.17].
If L = Gm, then L∨ = Z, and Ext1Ab/R(Z,Gm) = 0 is clear.
If L = Ga and char(k) = 0, then L∨ = Ĝa. It holds Ext1Ab/R(Ĝa,Gm) =
Ext1Ab/R(Ĝa, Ĝa) = 0, see [BB, Lem. A.4.6].
If L = Ga = W1 and char(k) = p > 0, then L∨ = 1Ŵ (notation from
Example 1.11). Since 1Ŵ = ker
(
F : Ŵ → Ŵ
)
is annihilated by the Frobe-
nius F and ker
(
F : Gm → Gm
)
= µp is the group of pth roots of unity
over SpecR (this group is finite, hence both an algebraic group and a formal
group), any extension E ∈ Ext1Ab/R(1Ŵ ,Gm) is the push-out of an extension
F ∈ Ext1Ab/R(1Ŵ , µp). As µp and 1Ŵ are base changes of formal k-groups,
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the affine algebra O(µp) of µp is a free R-module of finite rank and the affine
algebra O(1Ŵ ) of 1Ŵ is the projective limit of free R-modules of finite rank;
I will refer to those algebras as free pro-finite-rank R-algebras. The underly-
ing µp-bundle of F is flat locally trivial, hence flat locally the affine algebra
of F is O(F) = O(µp)⊗RO(1Ŵ ), and this is a free pro-finite-rank R-algebra
as well. In this case Cartier duality works in the same way as for formal
k-groups 1, so the exact sequence
0 −→ µp −→ F −→ 1Ŵ −→ 0
is turned into the following exact sequence of R-groups
0 −→ Ga −→ F
∨ −→ Z/pZ −→ 0
where F∨ = HomAb/R(F ,Gm). Applying HomAb/R(?,Gm) to the push-out
diagram Gm ← µp → F of E shows that E∨ := HomAb/R(E,Gm) is the pull-
back of the diagram Z→ Z/pZ ← F∨. In particular, since F∨ −→ Z/pZ is
surjective, E∨ −→ Z is surjective as well. Thus we obtain an exact sequence
0 −→ Ga −→ E
∨ −→ Z −→ 0
which is obviously split. Dualizing again gives the split exact sequence
0 −→ Gm −→ E
∨∨ −→ 1Ŵ −→ 0
where E∨∨ = HomAb/R(E
∨,Gm). The canonical map of any abelian sheaf A
to its double dual A∨∨ yields the following commutative diagram with exact
rows
0 // Gm // E //

1Ŵ // 0
0 // Gm // E∨∨ // 1Ŵ // 0
where the vertical arrow in the middle is an isomorphism by the Five Lemma.
Thus E ∼= E∨∨ is split.
1.2 1-motives with unipotent part
Let k be a field.
1Note that the category of flat locally free pro-finite-rank R-algebras is not abelian.
The references for Cartier duality listed in the proof of Theorem 1.5 make additional
assumptions on the base ring R in order to achieve that the category of R-formal groups
is abelian.
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1.2.1 Definition of a 1-motive with unipotent part
Definition 1.15. A formal k -group F is called dual-algebraic if its Cartier-
dual F∨ is algebraic. The category of dual-algebraic formal k -groups is
denoted by dGf /k .
Proposition 1.16. A formal k -group F is dual-algebraic if and only if the
following conditions are satisfied:
(1) F(k ) is of finite type,
(2) for char(k) = 0: Lie (F) is finite dimensional,
for char(k) > 0: Finf is a quotient of
(
rŴ
)n
for some r, n ∈ N
(see Example 1.11 for the definition of rŴ ).
Proof. The decomposition of F into étale part Fe´t and infinitesimal
part Finf gives the decomposition of the affine group F∨ into multiplicative
part and unipotent part, according to Propositions 1.7 and 1.10. Then that
statement follows directly from Propositions 1.9 and 1.12 for char(k) > 0.
For char(k) = 0, the assertion in (2) is due to the fact that the Lie func-
tor yields an equivalence between the category of commutative infinitesimal
formal k-groups and the category of k-vector spaces, see [SGA3, VIIB, 3.2.2].
Lemma 1.17. Let F be a dual-algebraic formal group. Then any formal
group G that is a subgroup or a quotient of F is also dual-algebraic.
Proof. By Cartier-duality, this is equivalent to the dual statement about
affine algebraic groups, see [Dm, II, No. 6, Cor. 4 of Thm. 2, p. 32].
Definition 1.18. A 1-motive with unipotent part is a tupleM = (F , L,A,G, µ),
where
(a) F is a dual-algebraic formal group (Definition 1.15),
(b) L is an affine algebraic group,
(c) A is an abelian variety,
(d) G is an extension of A by L,
(e) µ : F −→ G is a homomorphism in Ab/k .
A homomorphism between 1-motives with unipotent part M = (F , L,A,G, µ)
andN = (E ,Λ, B,H, ν) is a tuple h = (ϕ, λ, α, γ) of homomorphisms ϕ : E →
F , λ : L → Λ, α : A → B, γ : G → H, compatible with the structures of M
and N as 1-motives with unipotent part, i.e. giving an obvious commutative
diagram.
For convenience, we will refer to a 1-motive with unipotent part only as
a 1-motive.
If G is a smooth connected algebraic group, it admits a canonical decom-
position 0 → L → G → A → 0 as an extension of an abelian variety A by
a connected affine algebraic group L, according to the Theorem of Cheval-
ley. Thus a homomorphism µ : F −→ G in Ab/k gives rise to a 1-motive
M = (F , L,A,G, µ) that we will denote just by M =
[
F
µ
−→ G
]
.
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1.2.2 Duality of 1-motives
Theorem 1.19. Let L be an affine algebraic group and A an abelian variety.
There is a canonical isomorphism of abelian groups
Φ : Ext1Ab/k
(
A,L
) ∼
−→ HomAb/k
(
L∨, A∨
)
.
Proof. Consider the following left exact functor on Ab/k
F : G 7−→ BilinAb/k (A,L
∨;G) = HomAb/k
(
A,HomAb/k (L
∨, G)
)
= HomAb/k
(
L∨,HomAb/k (A,G)
)
,
where BilinAb/k (A,L
∨;G) is the group of Z-bilinear maps A× L∨ −→ G of
sheaves of abelian groups. The two ways of writing F as a composite yield
the following two spectral sequences:
ExtpAb/k
(
A,ExtqAb/k (L
∨, G)
)
=⇒ Rp+q F (G)
Extp
Ab/k
(
L∨,Extq
Ab/k
(A,G)
)
=⇒ Rp+q F (G)
For G = Gm, the associated exact sequences of low degree terms are
0 −→ Ext1
(
A,Hom(L∨,Gm)
)
−→ R1 F (Gm) −→ Hom
(
A,Ext1(L∨,Gm)
)
= 0
where the last term vanishes due to Lemma 1.14, and
0 = Ext1
(
L∨,Hom(A,Gm)
)
−→ R1 F (Gm) −→ Hom(L
∨, A∨)
−→ Ext2(L∨,Hom(A,Gm)) = 0.
Putting these together we obtain isomorphisms
Ext1Ab/k (A,L)
∼
−→ R1 F (Gm)
∼
−→ HomAb/k (L
∨, A∨).
Remark 1.20 (Explicit description of Ext1(A,L)
∼
−→ Hom(L∨, A∨)). The
isomorphism Φ in Theorem 1.19 sends G ∈ Ext1(A,L) to the connect-
ing homomorphism HomAb/k (L,Gm) −→ Ext
1
Ab/k (A,Gm) in the long ex-
act cohomology sequence obtained from applying HomAb/k (?,Gm) to the
short exact sequence 0 → L → G → A → 0. Explicitly, this is the map
Φ(G) : λ 7−→ λ∗G, which sends λ ∈ L∨(R) = HomAb/k (L,LR) to the push-
out λ∗G ∈ Ext1Ab/k (A,LR) = A
∨(R) of the diagram LR
λ
←− L −→ G.
If L = LS for some S ∈ Art/k , the inverse map of Φ is given by the map
Φ−1 : ϑ 7−→ ϑ(idL), which sends a homomorphism ϑ : L∨ −→ A∨ to the im-
age ϑ(idL) ∈ Ext1Ab/k (A,L) = A
∨(S) of the identity idL ∈ HomAb/k (L,L) =
L∨(S). In general, a given homomorphism ϑ ∈ HomAb/k (L
∨, A∨) can be
written as an element [L∨ → A∨] ∈ C[−1,0](Ab/k) of the category of two-
term complexes in Ab/k , with L∨ placed in degree −1 and A∨ in de-
gree 0. Then Φ−1(ϑ) = Ext1
C[-1,0](Ab/k)
(
[L∨ → A∨],Gm
)
, and this k-group
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sheaf is represented by an algebraic group: the short exact sequence 0 −→
A∨ −→ [L∨ → A∨] −→ L∨[1] −→ 0 gives rise to the exact sequence
0 → Hom(L∨,Gm) → Ext
1
(
[L∨ → A∨],Gm
)
→ Ext1(A∨,Gm) → 0 since
Ext1Ab/k (L
∨,Gm) = 0 by Lemma 1.14. Thus Ext1C[-1,0](Ab/k)
(
[L∨ → A∨],Gm
)
is an extension of A by L.
Definition 1.21. The dual of a 1-motiveM = (F , L,A,G, µ) is the 1-motive
M∨ = (L∨,F∨, A∨,H, η), where H = Ext1
C[-1,0](Ab/k)
(
[F → A],Gm
)
=
Φ−1(µ) for µ : F
µ
−→ G −→ A the composite, and η : L∨ −→ H is
the connecting homomorphism HomAb/k
(
L,Gm
)
−→ Ext1
C[-1,0](Ab/k)
(
[F →
A],Gm
)
in the long exact cohomology sequence associated with 0 −→ [0 →
L] −→ [F → G] −→ [F → A] −→ 0.
Remark 1.22. The double dual M∨∨ of a 1-motive M is canonically iso-
morphic to M . If M is of the form
[
0→ G
]
:=
(
0, L,A,G, 0
)
, then the dual
is
[
L∨
Φ(G)
−→ A∨
]
:=
(
L∨, 0, A∨, A∨,Φ(G)
)
. If M is of the form
[
F
µ
−→ A
]
:=(
F , 0, A,A, µ
)
, the dual is
[
0 −→ Φ−1(µ)
]
:=
(
0,F∨, A∨,Φ−1(µ), 0
)
. This
is clear by Theorem 1.19, and these “pure 1-motives” are the only ones that
we are concerned with in this note. For the general case, the proof carries
over literally from [Ln, (5.2.4)].
Proposition 1.23. Duality of 1-motives is functorial, i.e. duality assigns
to a homomorphism of 1-motives h : M −→ N a dual homomorphism h∨ :
N∨ −→M∨.
Proof. Let M = (F , L,A,G, µ) and M ′ = (F ′, L′, A′, G′, µ′) be 1-
motives and h : M −→ M ′ a homomorphism of 1-motives. Applying
Hom C[-1,0](Ab/k)(?,Gm) to the commutative diagram with exact rows
0 // [0→ L]

// [F → G]
h

// [F → A]

// 0
0 // [0→ L′] // [F ′ → G′] // [F ′ → A′] // 0
yields the homomorphism h∨ : [(L′)∨ → H ′] −→ [L∨ → H] where H =
Ext1
C[-1,0](Ab/k)
(
[F → A],Gm
)
and H ′ = Ext1
C[-1,0](Ab/k)
(
[F ′ → A′],Gm
)
.
Applying Hom C[-1,0](Ab/k)(?,Gm) to the commutative diagram with exact
rows
0 // [0→ A]

// [F → A]

// [F → 0]

// 0
0 // [0→ A′] // [F ′ → A′] // [F ′ → 0] // 0
shows that the image of (F ′)∨ under h∨ is contained in F∨, which implies
that h∨ : (M ′)∨ −→M∨ is a homomorphism of 1-motives.
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2 Universal rational maps
The classical Albanese variety Alb(X) of a variety X over a field k (as
in [Lg, II, § 3]) is an abelian variety, defined together with the Albanese
map alb : X 99K Alb(X) by the following universal mapping property: for
every rational map ϕ : X 99K A to an abelian variety A there is a unique
homomorphism h : Alb(X) −→ A such that ϕ = h ◦ alb up to translation
by a constant a ∈ A(k). Now we replace in this definition the category of
abelian varieties by a subcategory C of the category of commutative algebraic
groups. A result of Serre [Se1, No. 6, Théorème 8, p. 10-14] says that if the
category C contains the additive group Ga and X is a variety of dimension
> 0, there does not exist an Albanese variety in C that is universal for all
rational maps from X to algebraic groups in C. One is therefore led to
restrict the class of considered rational maps. This motivates the concept of
categories of rational maps from X to commutative algebraic groups, or more
generally, categories of rational maps from X to torsors under commutative
algebraic groups (Definition 2.8), and to ask for the existence of universal
objects for such categories.
For k an algebraically closed field with char(k) = 0, in [Ru, Section 2] a
criterion is given, for which categories Mr of rational maps from a smooth
proper variety X over k to algebraic groups there exists a universal object
AlbMr(X), as well as an explicit construction of these universal objects via
duality of 1-motives. In this section we prove similar results for categories
of rational maps, defined over a perfect field, from a smooth proper variety
X to torsors for commutative algebraic groups.
2.1 Relative Cartier divisors
The construction of such universal objects as above involves the functor
DivX : Alg/k −→ Ab of families of Cartier divisors, given by
DivX(R) =

Cartier divisors D on X ×k SpecR
whose fibres Dp define Cartier divisors on X ×k {p}
for all p ∈ SpecR

for each k-algebra R, and for a homomorphism h : R −→ S in Alg/k the
induced homomorphism DivX(h) : DivX(R) −→ DivX(S) in Ab is the pull-
back of Cartier divisors on X ×k SpecR to those on X ×k SpecS. The
elements of DivX(R) are called relative Cartier divisors. See [Ru, No. 2.1]
for more details on DivX .
We will be mainly concerned with the completion D̂ivX : Art/k −→ Ab
of DivX , which is given for every finite k-algebra R by
D̂ivX(R) = Γ
(
X ⊗R, (KX ⊗k R)
∗ / (OX ⊗k R)
∗ ).
We will regard D̂ivX as a subsheaf of DivX , cf. Remark 1.1.
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Proposition 2.1. D̂ivX is a formal k-group.
Proof. According to [Dm, I, No. 6] or [Fo, I, § 4] it suffices to show that
D̂ivX is left-exact (i.e. commutes with finite projective limits). We are going
to show that D̂ivX is the composition of left-exact functors.
Let R be a finite k-algebra. D̂ivX(R) = Γ
(
X,Q(R)
)
is the abelian group
of global sections of the sheaf Q(R) := (prX)∗
(
(KX ⊗R)
∗/ (OX ⊗R)
∗ ),
where prX : X ⊗ R −→ X is the projection. The global section functor
Γ(X, ?) is known to be left-exact. We show that the formal k-group functor
Q : Art/k −→ Ab/X (with values in the category of sheaves of abelian
groups over X) commutes with finite projective limits (hence is left-exact):
Let (Ri) be a projective system of local finite k-algebras, with homomor-
phisms hij : Rj −→ Ri for i < j. We have projections prj : lim←−Ri −→ Rj for
each j, which commute with the hij . Functoriality of Q in R ∈ Art/k induces
homomorphisms Q(hij) : Q(Rj) −→ Q(Ri) and Q(prj) : Q(lim←−Ri) −→
Q(Rj), which commute. The universal property of lim←−Q(Ri) yields a unique
homomorphism of sheaves Q(lim
←−
Ri) −→ lim←−
Q(Ri). A homomorphism of
sheaves is an isomorphism if and only if it is an isomorphism on stalks.
Therefore it remains to show that the stalks Qq : Art/k −→ Ab for q ∈ X
are left-exact in R ∈ Art/k . We have Qq = Gm(KX,q⊗k?)/Gm(OX,q⊗k?).
The tensor product over a field A⊗k? : Art/k −→ Alg/k is exact for any
k-algebra A. Also the sheaf Gm : Alg/k −→ Ab is left-exact. Therefore
the formal k-group functors Gm(KX,q⊗k?) and Gm(OX,q⊗k?) are formal k-
groups. Since the category Gf /k of formal k-groups is abelian (see [SGA3,
VIIB, 2.4.2]), the quotient Qq of these two formal k-groups is again a formal
k-group.
Definition 2.2. Let R be a finite k-algebra. If D ∈
(
D̂ivX
)
e´t
(R), then
Supp(D) denotes the locus of zeroes and poles of local sections (fα)α of
Gm (KX ⊗Rred) representing D ∈ Γ
(
Gm (KX ⊗Rred)/Gm (OX ⊗Rred)
)
.
If δ ∈
(
D̂ivX
)
inf
(R), then Supp(δ) denotes the locus of poles of local sections
(gα)α of UR(KX) representing δ ∈ Γ
(
UR(KX)/UR(OX)
)
=
(
D̂ivX
)
inf
(R),
where UR = ker
(
Gm (?⊗R) −→ Gm (?⊗Rred)
)
is the unipotent part of
LR from No. 1.1.1.)
Definition 2.3. Let F be a formal subgroup of DivX . The support of F is
defined to be
Supp(F) =
⋃
R∈Art/k
D∈F(R)
Supp(D)
where we use the decomposition F = Fe´t ×Finf and Definition 2.2.
Suppose now that X is a geometrically irreducible smooth proper variety
over a perfect field k. Then the Picard functor PicX is represented by a
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separated algebraic space PicX , whose identity component Pic0X is a proper
scheme over k (see [BLR, No. 8.4, Thm. 3]). The underlying reduced scheme
Pic0,redX of Pic
0
X is an abelian variety, called the Picard variety of X. The
subfunctor of PicX that is represented by Pic
0,red
X will be denoted by Pic
0,red
X .
There is a natural transformation
cl : DivX −→ PicX .
We define Div0,redX to be the subfunctor of DivX given by
Div0,redX = DivX ×PicX Pic
0,red
X .
2.2 Categories of rational maps to torsors
Let X be a smooth proper variety over a perfect field k. Let k be an algebraic
closure of k. In this note, algebraic groups and formal groups are commuta-
tive by definition (No. 1.1), and torsors are always torsors for commutative
algebraic groups.
2.2.1 Induced transformation
Let G be a smooth connected algebraic group, and let 0→ L→ G→ A→ 0
be the canonical decomposition of G, where A is an abelian variety and L
an affine smooth connected algebraic group (Theorem of Chevalley). Write
L = T ×k U where T is a torus and U is unipotent (see [SGA3, XVII,
7.2.1]). If k is algebraically closed, T ∼= (Gm)t for some t ∈ N. If k is of
characteristic 0, one has U ∼= (Ga)s for some s ∈ N ([DG, IV, § 2, 4.2]). If
k is of characteristic p > 0, the unipotent group U is embedded into a finite
direct sum (Wr)
s of Witt vector groups for some r, s ∈ N ([DG, V, § 1, 2.5]).
Since H1fppf
(
Spec(OX,q),Gm
)
= 0 and H1fppf
(
Spec(OX,q), U
)
= 0 for any
point q of X, we have exact sequences
0 −→ L (KX,q) −→ G (KX,q) −→ A (KX,q) −→ 0
0 −→ L (OX,q) −→ G (OX,q) −→ A (OX,q) −→ 0.
Since a rational map to an abelian variety is defined at every smooth point
(see [Lg, II, § 1, Thm. 2]), we have A (KX,q) = A (OX,q) for every point q of
X. Hence the canonical map
L (KX,q) /L (OX,q) −→ G (KX,q) /G (OX,q)
is bijective. By Cartier-duality, we have a pairing
〈?, ?〉 : L∨ × Γ
(
L(KX)/L(OX )
)
−→ Γ
(
Gm(KX)/Gm(OX)
)
where KX := KX ⊗_ and OX := OX ⊗_.
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Definition 2.4. Let ϕ : X 99K G be a rational map to a smooth connected
algebraic group G, let L be the affine part of G. Then τϕ : L∨ −→ D̂ivX
denotes the induced transformation given by 〈?, ℓϕ〉, where ℓϕ is the image of
ϕ ∈ G (KX) in Γ
(
G(KX )/G(OX )
) ∼
−→ Γ
(
L(KX)/L(OX)
)
. By construction,
τϕ is a homomorphism of formal k-group functors.
Lemma 2.5. Let G be a smooth connected algebraic group, let L be the affine
part of G. Let ϕ : X 99K G be a rational map. Let τϕ : L∨ −→ D̂ivX be the
induced transformation. Then im(τϕ) is a dual-algebraic formal group.
Proof. D̂ivX is a formal group by Proposition 2.1, and Gf /k is a full
subcategory of Fctr(Art/k ,Ab). Therefore τϕ : L∨ −→ D̂ivX is a homomor-
phism of formal groups. Since Gf /k is an abelian category, kernel and image
of the homomorphism τϕ are formal groups. Since L is algebraic, L∨ is dual-
algebraic and hence im(τϕ), as a quotient of L∨, is dual-algebraic (Lemma
1.17).
Lemma 2.6. Let G ∈ Ext1Ab/k (A,L) be a smooth connected algebraic group.
Let ϕ : X 99K G a rational map. Let τϕ : L∨ −→ D̂ivX be the induced
transformation. Then im(τϕ) is contained in the completion of Div
0,red
X .
Proof. As A is an abelian variety, the composition X
ϕ
99K G
ρ
−→ A
extends to a morphism ϕ : X −→ A. The description of the induced trans-
formation τϕ in terms of local sections into principal fibre bundles as given
in [Ru, No. 2.2] shows: the composition L∨
τϕ
−→ DivX
cl
−→ PicX is given
by λ 7−→ λ∗GX , where λ∗G is the push-out of G ∈ Ext1Ab/k (A,L) via
λ ∈ L∨(R) = HomAb/k (L,LR), and GX = G×AX is the fibre-product of G
and X over A. Hence it comes down to show that for each R ∈ Art/k , each
λ ∈ L∨(R) the LR-bundle λ∗GX yields an element of Pic
0,red
X (R).
The universal mapping property of the classical Albanese Alb(X) yields
that ϕ factors through Alb(X). Hence the pull-back GX = G×AX over X is
a pull-back of GAlb = G×A Alb(X) over Alb(X). Then for each λ ∈ L∨(R)
the LR-bundle λ∗GAlb over Alb(X) is an element of Ext1Ab/k (Alb(X),LR),
hence gives an element of Pic0Alb(X)(R). Since Alb(X) =
(
Pic0,redX
)∨
is
the dual abelian variety of Pic0,redX , we have an isomorphism Pic
0
Alb(X)
∼
−→
Pic0,redX , P 7−→ PX = P ×Alb(X) X. As λ∗GX = λ∗GAlb ×Alb(X) X, it holds
λ∗GX ∈ Pic
0,red
X (R).
Lemma 2.7. Let L be an affine algebraic group and τ : L∨ −→ D̂iv0,redX
a homomorphism of formal groups. Let G ∈ Ext1Ab/k
(
Alb(X), L
)
be the
extension corresponding to cl ◦ τ : L∨ −→ Div0,redX −→ Pic
0,red
X under the
bijection Φ from Theorem 1.19. There is a rational map ϕ : X 99K G whose
induced transformation is τ , and ϕ is determined uniquely up to translation
by a constant g ∈ G(k).
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Proof. By Lemma 1.4 we may choose an embedding λ : L →֒ LS for
some finite ring S ∈ Art/k . Let D ∈ Div0,redX (S) be the image of idLS ∈
HomAb/k (LS ,LS) = L
∨
S(S) under the composition τ ◦ λ
∨ : L∨S −→ L
∨ −→
DivX . Remark 1.20 shows that OX⊗S(D) ∈ Pic
0,red
X (S) is the line bundle
corresponding to G ∈ Ext1Ab/k (Alb(X), L) under the map
Ext1Ab/k (Alb(X), L) −→ Ext
1
Ab/k (Alb(X),LS) = Pic
0
Alb(X)(S)
∼
−→ Pic0,redX (S).
Let GLS (D) be the image of G in Ext
1
Ab/k (Alb(X),LS), then the fibre prod-
uct PLS(D) := GLS (D) ×Alb(X) X is the LS-bundle on X associated to
OX⊗S(D), and G resp. P := G ×Alb(X) X are reductions of the LS-bundles
GLS (D) resp. PLS (D) to the fibre L. The canonical 1-section of OX⊗S(D)
yields a section X 99K P , and composition with P −→ G yields the desired
rational map ϕ : X 99K G, which by construction satisfies τϕ = τ . Then
ℓϕ ∈ Γ
(
G(KX)/G(OX )
)
∼= Γ
(
L(KX)/L(OX)
)
⊂ Γ
(
LS(KX)/LS(OX)
)
=
Γ
(
Gm(KX ⊗ S)/Gm(OX ⊗ S)
)
corresponding to D is uniquely determined
by τ . The rational map ϕ ∈ G(KX), as a lift of ℓϕ, is determined up
to a constant g ∈ G(k) = Γ
(
G(OX)
)
, according to the exact sequence
0 −→ Γ
(
G(OX)
)
−→ Γ
(
G(KX)
)
−→ Γ
(
G(KX)/G(OX )
)
.
2.2.2 Definition of a category of rational maps
Definition 2.8. A category Mr of rational maps from X to torsors is a
category satisfying the following conditions: The objects of Mr are rational
maps ϕ : X 99K P , where P is a torsor for a smooth connected algebraic
group. The morphisms ofMr between two objects ϕ : X 99K P and ψ : X 99K
Q are given by the set of those homomorphisms of torsors h : P −→ Q such
that h ◦ ϕ = ψ.
Remark 2.9. Let ϕ : X 99K P and ψ : X 99K Q be two rational maps
from X to torsors. Then Definition 2.8 implies that for any category Mr of
rational maps from X to torsors containing ϕ and ψ as objects the set of
morphisms HomMr(ϕ,ψ) is the same. Therefore two categories Mr and Mr
′
of rational maps from X to torsors are equivalent if every object of Mr is
isomorphic to an object of Mr′.
Remark 2.10. If a k -torsor P for an algebraic k -group G admits a k -rational
point, then P may be identified with G. Thus for a rational map ϕ : X 99K P
it makes sense to consider the base changed map ϕ⊗k k : X⊗k k 99K P ⊗k k
as a rational map from X⊗k k = X to an algebraic k -group P ⊗k k ∼= G⊗k k .
Definition 2.11. The category of rational maps from X to abelian varieties
is denoted by Mav.
Remark 2.12. The objects of Mav are in fact morphisms from X to abelian
varieties, since a rational map from a smooth variety X to an abelian variety
A extends to a morphism from X to A (see [Lg, II, § 1, Thm. 2]).
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Definition 2.13. Let F be a dual-algebraic formal k-subgroup of DivX .
If k is algebraically closed, then MrF (X) denotes the category of all those
rational maps ϕ : X 99K G from X to algebraic k-groups for which the image
of the induced transformation τϕ : L∨ −→ DivX (Definition 2.4) lies in F ,
i.e. which induce a homomorphism of formal groups L∨ −→ F , where L is
the affine part of G. For general k, MrF (X) denotes the category of all those
rational maps ϕ : X 99K P from X to k-torsors for which the base changed
map ϕ⊗ k is an object of MrF⊗k . (Here we use Rmk. 2.10.)
2.3 Universal objects
Let X be a smooth proper variety over a perfect field k. Algebraic groups
are always assumed to be smooth and connected, and torsors are those for
smooth connected algebraic groups, unless stated otherwise.
2.3.1 Existence and construction
Definition 2.14. Let Mr be a category of rational maps from X to torsors.
Then (u : X 99K U) ∈ Mr is called a universal object for Mr if it admits the
universal mapping property in Mr: For all (ϕ : X 99K P ) ∈ Mr there is a
unique homomorphism of torsors h : U −→ P such that ϕ = h ◦ u.
Remark 2.15. Universal objects are uniquely determined up to (unique)
isomorphism.
Now assume that the base field k is algebraically closed. (Arbitrary
perfect base field is considered from No. 2.3.2 on.) In this case we may
identify a torsor with the algebraic group acting on it (Rmk. 2.10), and
a homomorphism of torsors becomes a homomorphism of algebraic groups
composed with a translation (which is an isomorphism of torsors).
For the categoryMav of morphisms fromX to abelian varieties (Def. 2.11)
there exists a universal object, the Albanese mapping to the Albanese variety,
denoted by alb : X −→ Alb(X). This is a classical result (see [Lg], [Ms],
[Se1]). The Albanese variety Alb(X) is an abelian variety, dual to the Picard
variety Pic0,redX .
In the following we consider categories Mr of rational maps from X to
algebraic groups satisfying the following conditions:
(♦ 1) Mr contains the category Mav.
(♦ 2) If (ϕ : X 99K G) ∈ Mr and h : G −→ H is a homomorphism of
torsors for smooth connected algebraic groups, then h ◦ ϕ ∈ Mr.
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Theorem 2.16. Let Mr be a category of rational maps from X to algebraic
groups that satisfies (♦ 1, 2). Then the following conditions are equivalent:
(i) For Mr there exists a universal object (u : X 99K U) ∈ Mr.
(ii) There is a dual-algebraic formal subgroup F of Div0,redX
such that Mr is equivalent to MrF (X).
(iii) The formal group FMr ⊂ Div
0,red
X generated by
⋃
ϕ∈Mr im(τϕ)
is dual-algebraic and Mr = MrFMr(X).
Here MrF (X) is the category of rational maps that induce a homomorphism
of formal groups to F (Definition 2.13).
Proof. (ii)=⇒(i) Assume that Mr is equivalent to MrF (X), where F is
a dual-algebraic formal group in Div0,redX . The first step is the construction
of an algebraic group U and a rational map u : X 99K U . In a second step
the universality of u : X 99K U for MrF (X) will be shown.
Step 1: Construction of u : X 99K U .
X is a smooth proper variety over k, thus the functor Pic0X is represented
by an algebraic group Pic0X whose underlying reduced scheme Pic
0,red
X , the
Picard variety of X, is an abelian variety. The class map DivX −→ PicX
induces a homomorphism F −→ Pic0,redX .
We obtain a 1-motive M =
[
F −→ Pic0,redX
]
. Since Pic0,redX is an abelian
variety, the dual 1-motive of M is of the form M∨ = [0→ G], where G is
a smooth connected algebraic group. Then define U to be this algebraic
group. The canonical decomposition 0→ L → U → A → 0 is the extension
of A = Alb(X) =
(
Pic0,redX
)∨
by L = F∨ induced by the homomorphism
F −→ Pic0,redX (Theorem 1.19).
Define the rational map u : X 99K U by the condition that the induced
transformation τu : F −→ Div
0,red
X from Definition 2.4 is the inclusion. Ac-
cording to Lemma 2.7, u : X 99K U is determined up to a constant c ∈ U(k).
Note that u : X 99K U generates U : Let H be the subgroup generated
by the image of u, let Λ ⊂ L be the affine part of H. As u : X −→ U factors
through H, the induced transformation τu : L∨ −→ D̂ivX factors through
the quotient L∨−։ Λ∨. As τu is injective, this yields Λ∨ ∼= L∨, hence Λ ∼= L.
As the composition X
u
99K U −→ A generates A, the abelian quotient of H
is A. These two conditions imply that H ∼= U by the Five Lemma.
Step 2: Universality of u : X 99K U .
Let ϕ : X 99K G be a rational map to a smooth connected algebraic group G
with canonical decomposition 0 → L → G
ρ
→ A → 0, inducing a homomor-
phism of formal groups τϕ : L∨ −→ F ⊂ Div
0,red
X , λ 7−→ 〈λ, ℓϕ〉 (Definition
2.4). Let l := (τϕ)∨ : L −→ L be the dual homomorphism of affine groups.
The composition X
ϕ
99K G
ρ
−→ A extends to a morphism from X to an
abelian variety. Translating ϕ by a constant g ∈ G(k), if necessary, we may
assume that ρ ◦ ϕ factors through A = Alb(X). We are going to show that
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we have a commutative diagram as follows:
L

l // L

L

L

U

h // l∗ U

∼ // GA

// G
ρ

X //
ϕ
33❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
ϕA
44✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
u
??
⑦
⑦
⑦
⑦
A A A // A
where GA = G ×A A is the fibre product, l∗ U = U ∐L L the amalgamated
sum and h : U −→ l∗ U the map obtained from the amalgamated sum.
If l : Γ
(
L(KX)/L(OX )
)
−→ Γ
(
L(KX)/L(OX )
)
denotes the map induced by
l : L −→ L, then ℓh◦u = l(ℓu). This yields
τh◦u = 〈?, ℓh◦u〉 =
〈
?, l(ℓu)
〉
= 〈? ◦ l, ℓu〉
= τu ◦ l
∨ = τϕ
since τu : F −→ Div
0,red
X is the inclusion by construction of u.
This implies that l∗ UX and GX are isomorphic L-bundles over X. Then
l∗ U and GA are isomorphic as extensions of A by L, using the isomorphism
Pic0X
∼
−→ Pic0A. Thus τh◦u = τϕ shows that h ◦ u and ϕA coincide up to
translation. As u : X −→ U generates U , each h′ : U −→ GA fulfilling
h′ ◦ u = ϕA coincides with h. Hence h is unique.
(i)=⇒(iii) Assume that u : X 99K U is universal for Mr. Let 0 → L →
U → A → 0 be the canonical decomposition of U , and let F be the image
of the induced transformation τu : L∨ −→ Div
0,red
X . For λ ∈ L
∨(R) the
uniqueness of the homomorphism hλ : U −→ λ∗ U fulfilling uλ = hλ ◦ u
implies that the rational maps uλ : X 99K λ∗ U are non-isomorphic to each
other for distinct λ ∈ L∨(R). Hence divR (uX,ν) 6= divR (uX,λ) for ν 6= λ ∈
L∨(R). Therefore L∨ −→ F is injective, hence an isomorphism.
Let ϕ : X 99K G be an object of Mr and 0 → L → G → A → 0 be
the canonical decomposition of G. Translating ϕ by a constant g ∈ G(k),
if necessary, we may assume that ϕ : X 99K G factors through a unique
homomorphism h : U −→ G. The restriction of h to L gives a homomorphism
of affine groups l : L −→ L. Then the dual homomorphism l∨ : L∨ −→ F
yields a factorization of L∨ −→ Div0,redX through F . The properties (♦ 1, 2)
and the existence of a universal object guarantee thatMr contains all rational
maps that induce a transformation to F , hence Mr is equal to MrF (X).
(iii)=⇒(ii) is evident.
Notation 2.17. If F is a dual-algebraic formal subgroup of Div0,redX , then
the universal object for MrF (X) is denoted by albF : X 99K AlbF (X).
Remark 2.18. By construction, AlbF (X) is generated by X. Since X is
reduced, AlbF (X) is reduced as well, thus smooth. In the proof of Thm. 2.16
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we have seen that AlbF (X) is an extension of the abelian variety Alb(X) by
the affine group F∨. More precisely,
[
0 −→ AlbF (X)
]
is the dual 1-motive
of
[
F −→ Pic0,redX
]
. The rational map
(
albF : X 99K AlbF (X)
)
∈ MrF (X)
is characterized by the fact that the transformation τalbF : L
∨ −→ Div0,redX
is the identity F
id
−→ F .
2.3.2 Descent of the base field
Let k be a perfect field. Let k be an algebraic closure of k . Let X be a
smooth proper variety defined over k , write X = X ⊗k k . Let F be a formal
k -subgroup of Div0X , write F = F ⊗̂ k .
The wish is to show that the universal object albF : X 99K AlbF (X)
for the category MrF can be defined over k . This will be accomplished by a
Galois descent, as described in [Se3, V, § 4]. Due to Cartier duality between
formal groups and affine groups (Thm. 1.5), Galois descent applies to formal
groups as well.
When one does not assume that X is endowed with a k -rational point,
one is led to two different descents of AlbF (X):
(1) The universal mapping property of albF : X 99K AlbF (X) gives for
every σ ∈ Gal(k/k) transformations h(1)σ : AlbF (X) −→ AlbF (X)
σ between
AlbF (X) and its conjugate AlbF (X)
σ, which are homomorphisms of torsors.
Therefore the descent of AlbF (X) by means of the h
(1)
σ yields a k -torsor
Alb
(1)
F (X).
(2) In order to avoid translations or the reference to base points, one
may reformulate the universal mapping property, replacing rational maps
ϕ : X 99K G from X to algebraic groups by its associated “difference maps”
ϕ(−) : X × X 99K G, (p, q) 7−→ ϕ(q) − ϕ(p). In this way translations are
eliminated and one obtains transformations h(0)σ : AlbF (X) −→ AlbF (X)
σ
which are homomorphisms of algebraic groups. Then the descent of AlbF (X)
by means of the h(0)σ yields an algebraic k -group Alb
(0)
F (X). This is the k -
group acting on the k -torsor Alb(1)F (X).
Notation 2.19. If ϕ : X 99K P is a rational map to a torsor P for an
algebraic group G, then ϕ(−) : X × X 99K G denotes the rational map to
the algebraic group G that assigns for S ∈ Alg/k to (p, q) ∈ X(S) × X(S)
the unique g ∈ G(S) such that g · ϕ(p) = ϕ(q).
Notation 2.20. If ϕ : X 99K P is a rational map to a torsor, then set
ϕ(1) := ϕ , ϕ(0) := ϕ(−).
Theorem 2.21. There exists a k -torsor Alb(1)F (X) for an algebraic k -group
Alb
(0)
F (X) and rational maps defined over k
alb
(i)
F : X
2−i
99K Alb
(i)
F (X)
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for i = 1, 0, satisfying the following universal property:
If ϕ : X 99K G(1) is a rational map defined over k to a k -torsor G(1) for
an algebraic k -group G(0) which is an object of MrF (X), then there exist a
unique homomorphism of k -torsors h(1) : Alb(1)F (X) −→ G
(1) and a unique
homomorphism of algebraic k -groups h(0) : Alb(0)F (X) −→ G
(0), defined over
k , such that ϕ(i) = h(i) ◦ alb(i)F for i = 1, 0.
The algebraic group Alb(0)F (X) is dual to the 1-motive
[
F −→ Pic0,redX
]
.
Proof. Galois descent. The same arguments as given in [Se3, V, No. 22]
work in our situation.
2.3.3 Functoriality
Let F ⊂ Div0,redX be a dual-algebraic formal k -group. Let ψ : Y −→ X be a k -
morphism of smooth proper k -varieties, such that no irreducible component
of ψ(Y ) is contained in Supp(F). For each dual-algebraic formal k -group
G ⊂ Div0,redY containing ψ
∗F the pull-back of relative Cartier divisors and of
line bundles induces a homomorphism of 1-motives[
G → Pic0,redY
]
←−
[
F → Pic0,redX
]
.
According to the construction of universal objects over k (Remark 2.18),
we obtain via dualization of 1-motives and by Galois descent
Proposition 2.22. Using the assumptions from above, then ψ induces for
every formal group G ⊂ Div0,redY containing ψ
∗F a homomorphism of k -
torsors Alb(1)FG (ψ) and a homomorphism of algebraic k -groups Alb
(0)F
G (ψ),
Alb(i)FG (ψ) : Alb
(i)
G (Y ) −→ Alb
(i)
F (X) for i = 1, 0.
3 Albanese with modulus
Let X be a smooth proper variety over a perfect field k. Let D be an
effective divisor on X (with multiplicity). The Albanese Alb(1)(X,D) of X
of modulus D is a higher dimensional analogue to the generalized Jacobian
with modulus of Rosenlicht-Serre. Alb(1)(X,D) is defined by the universal
mapping property for morphisms from X \ D to torsors of modulus ≤ D
(Def. 3.11). Our definition of the modulus of rational maps coincides with
the classical definition from [Se3, III, § 1] in the curve case. Therefore the
Albanese with modulus agrees with the Jacobian with modulus of Rosenlicht-
Serre for curves, which we review in Subsection 3.3.
In Subsection 3.4 we consider a Chow group CH0(X,D)0 of 0-cycles
relative to the modulus D (Definition 3.27). We give an alternative char-
acterization of Alb(X,D) as a universal quotient of CH0(X,D)0, when the
base field is algebraically closed (Theorem 3.29).
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3.1 Filtrations of the Witt group
Here we present a global version of some basic notions from [KR2] that are
needed for the construction of the Albanese with modulus.
Let (K, v) be a discrete valuation field of characteristic p > 0 with residue
field k. The group of Witt vectors of length r is denoted by Wr (Exm. 1.11).
Definition 3.1. Let filnWr(K) be the subgroup of Wr(K) from [Br, No. 1,
Prop. 1]:
filnWr(K) =
{
(fr−1, . . . , f0)
∣∣∣∣ fi ∈ K, v (fi) ≥ −n/pi∀ 0 ≤ i ≤ r − 1
}
.
Let filFnWr(K) be the subgroup of Wr(K) generated by filnWr(K) by means
of the Frobenius F, see [KR2, 2.2],
filFnWr(K) =
∑
ν≥0
Fν filnWr(K).
Let X be a variety over k, regular in codimension 1. Let D =
∑
q∈S nqDq
be an effective divisor on X, where S is a finite set of points of codimension
1 in X, where Dq are the prime divisors associated to q ∈ S and nq are
integers ≥ 1 for q ∈ S.
Definition 3.2. Let filDWr(KX) (resp. fil
F
DWr(KX)) be the sheaf of sub-
groups of Wr(KX) formed by the groups(
filDWr(KX)
)
(U) =
{
w ∈Wr(KX)
∣∣∣∣ w ∈ filnqWr(KX,q) ∀q ∈ S ∩ Uw ∈Wr(OX,p) ∀p ∈ U \ S
}
resp.(
filFDWr(KX)
)
(U) =
{
w ∈Wr(KX)
∣∣∣∣ w ∈ filFnqWr(KX,q) ∀q ∈ S ∩ Uw ∈Wr(OX,p) ∀p ∈ U \ S
}
for open U ∈ X, where filnWr(KX,q) (resp. fil
F
nWr(KX,q)) denotes the filtra-
tion associated to the valuation vq attached to the point q ∈ S.
Proposition 3.3. Suppose X is a projective variety over k and D an effec-
tive divisor on X. Then Γ
(
X,filDWr(KX)
)
is a finite Wr(k)-module.
Proof. The Verschiebung V :Wr−1 −→Wr yields an exact sequence
0 −→ filDWr−1(KX) −→ filDWr(KX) −→ fil⌊D/pr−1⌋W1(KX) −→ 0
where ⌊D/pr−1⌋ =
∑
q∈S⌊nq/p
r−1⌋Dq. This induces the exact sequence
0 −→ Γ
(
filDWr−1(KX)
)
−→ Γ
(
filDWr(KX)
)
−→ Γ
(
fil⌊D/pr−1⌋W1(KX)
)
.
By induction over r ≥ 1 and since W1(k) = k is noetherian, it is sufficient
to show the statement for r = 1. Now filDW1(KX) = OX(D) is a coherent
sheaf, hence Γ
(
X,filDW1(KX)
)
is a finite module over W1(k) = k.
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Definition 3.4. Let R be a commutative ring over Fp. We let R[F] be the
non-commutative polynomial ring defined by
R[F] =
{
n∑
i=1
Fi ri
∣∣∣∣∣ ri ∈ Rn ∈ N
}
, F r = rp F ∀r ∈ R.
Definition 3.5. If ΩKX = ΩKX/k is the module of differentials of KX over
k, we let δ be the homomorphism
δ : Wr(KX) −→ ΩKX , (fr−1, . . . , f0) 7−→
r−1∑
i=0
fp
i−1
i dfi.
Definition 3.6. If E is a reduced effective divisor on X with normal cross-
ings, we let ΩX(logE) be the sheaf of differentials on X with log-poles along
E, i.e. the OX -module generated locally by df , f ∈ OX and d log t = t−1dt,
where t is a local equation for E.
Proposition 3.7. Suppose Dred is a normal crossing divisor. The homo-
morphism δ from Definition 3.5 induces injective homomorphisms
dD : fil
F
DWr(KX)/fil
F
⌊D/p⌋Wr(KX) −→ DD
dD : fil
F
DWr(KX)/fil
F
D−Dred
Wr(KX) −→ DD
where DD resp. DD are the OX -modules
DD = k[F]⊗k
(
ΩX(logDred)⊗OX OX(D)/OX (⌊D/p⌋)
)
,
DD = k[F]⊗k
(
ΩX(logDred)⊗OX OX(D)/OX (D −Dred)
)
.
and ⌊D/p⌋ means the largest divisor E such that pE ≤ D.
Proof. This is the global formulation of [KR2, 4.6].
Definition 3.8. Let ♭DD be the image in DD of the OX -module
k[F]⊗k
(
ΩX ⊗OX OX(D)/OX (D −Dred)
)
(without log-poles). Then
♭
DD
∼= k[F]⊗k
(
ΩDred ⊗ODred OX(D)/OX (D −Dred)
)
since t−nqdt = t1−nqd log t vanishes in DD for any local equation t of Dred.
Then we let ♭filFDWr(KX) ⊂ fil
F
DWr(KX) be the inverse image of
♭
DD under
the map dD from Proposition 3.7. According to [KR2, 4.7], this is a global
version of the following alternative definition:
Definition 3.9. Let ♭filnWr(K) be the subgroup of filnWr(K) consisting of
all elements (fr−1, . . . , f0) satisfying the following condition: If the p-adic
order ν of n is < r, then pν v(fν) > −n. Then ♭fil
F
nWr(K) is the subgroup
of Wr(K) generated by ♭filnWr(K) by means of the Frobenius F,
♭filFnWr(K) =
∑
ν≥0
Fν ♭filnWr(K).
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Lemma 3.10. Let ψ : Y −→ X be a morphism of varieties over k, such
that ψ(Y ) intersects Supp(D) properly. Let D · Y denote the pull-back of D
to Y . Suppose that Dred and (D · Y )red are normal crossing divisors. There
is a commutative diagram of homomorphisms with injective rows
filFDWr(KX)/fil
F
⌊D/p⌋Wr(KX)
dX,D
//

DX,D

filFD·YWr(KY )/fil
F
⌊D·Y/p⌋Wr(KY )
dY,D·Y
// DY,D·Y
where the vertical arrows are the obvious pull-back maps from X to Y .
Proof. Straightforward.
3.2 Albanese with modulus
3.2.1 Existence and construction
Let X be a smooth proper variety over a perfect field k.
Definition 3.11. First assume k is algebraically closed. Let ϕ : X 99K G
be a rational map from X to a smooth connected algebraic group G. Let L
be the affine part of G and U the unipotent part of L. The modulus of ϕ
from [KR2, § 3] is the following effective divisor
mod (ϕ) =
∑
ht(q)=1
modq(ϕ) Dq
where q ranges over all points of codimension 1 in X, and Dq is the prime
divisor associated to q. For each q ∈ X of codimension 1, the canonical map
L (KX,q) /L (OX,q) −→ G (KX,q) /G (OX,q) is bijective, cf. 2.2.1. Take an
element lq ∈ L (KX,q) whose image in G (KX,q) /G (OX,q) coincides with the
class of ϕ ∈ G (KX,q). If char(k) = 0, let (uq,i)1≤i≤s be the image of lq in
Ga(KX,q)s under L→ U ∼= (Ga)s. If char(k) = p > 0, let (uq,i)1≤i≤s be the
image of lq in Wr(KX,q)s under L→ U ⊂ (Wr)
s.
modq(ϕ) =
{
0 if ϕ ∈ G (OX,q)
1 + max {nq(uq,i) | 1 ≤ i ≤ s} if ϕ /∈ G (OX,q)
where for u ∈ Ga(KX,q) resp. Wr(KX,q)
nq(u) =
{
− vq(u) if char(k) = 0
min
{
n ∈ N | u ∈ filFnWr(KX,q)
}
if char(k) = p > 0.
Note that modv(ϕ) is independent of the choice of the isomorphism U ∼=
(Ga)s resp. of the embedding U ⊂ (Wr)
s, see [KR2, Thm. 3.3].
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For arbitrary perfect base field k and G a torsor for a smooth con-
nected algebraic group we obtain mod (ϕ) by means of a Galois descent
from mod
(
ϕ⊗k k
)
, where k is an algebraic closure of k, see [KR2, No. 3.4],
cf. also Rmk. 2.10.
Definition 3.12. Let D be an effective divisor on X. Then Mr(X,D) de-
notes the category of those rational maps ϕ from X to torsors such that
mod (ϕ) ≤ D. The universal object of Mr(X,D) (if it exists) is called the
Albanese of X of modulus D and denoted by Alb(1)(X,D), or just Alb(X,D),
if it admits a k -rational point (cf. Rmk. 2.10).
Remark 3.13. In the definition of mod(ϕ) (Def. 3.11) we used, instead of
the original filtration fil•W of Brylinski, the saturation fil
F
•W of fil•W w.r.t.
the Frobenius. This is motivated as follows: Let mod`(ϕ) be the modulus of
a rational map ϕ using the filtration fil•W instead of fil
F
•W . If ϕ : X 99K Ga
is a non-constant rational map, i.e. the multiplicity of mod(ϕ) =: D is > 1,
then mod`(Fν ◦ϕ) = pν(D − Dred) + Dred, where Dred is the reduced part
of D. On the other hand, if u : X 99K U is a universal object for a certain
category of rational maps Mr, then clearly u satisfies the universal mapping
property as well for all maps of the form Fν ◦ϕ, ϕ ∈ Mr (cf. condition (♦ 2)
before Thm. 2.16). This shows that mod`(ϕ) is not compatible with the
notion of universal objects.
Definition 3.14. Let D be an effective divisor on X, let Dred be the reduced
part of D. Then FX,D denotes the formal subgroup of DivX characterized
by
(FX,D)e´t =
{
B ∈ DivX(k)
∣∣ Supp(B) ⊂ Supp(D)}
and for char(k) = 0
(FX,D)inf = exp
(
Ĝa ⊗k Γ
(
OX (D −Dred)
/
OX
))
for char(k) = p > 0
(FX,D)inf = Exp
(∑
r>0
rŴ ⊗Wr(k) Γ
(
filFD−DredWr(KX)
/
Wr(OX )
)
, 1
)
.
Let F0,redX,D = FX,D ×DivX Div
0,red
X be the intersection of FX,D and Div
0,red
X .
Proposition 3.15. The formal groups FX,D and F
0,red
X,D are dual-algebraic.
Proof. The statement is obvious for char(k) = 0, therefore we suppose
char(k) = p > 0. The proof is done in two steps. Let F`X,D be the formal
subgroup of DivX defined in the same way as FX,D, but using the filtration
filD−DredWr(KX) instead of fil
F
D−Dred
Wr(KX). In the first step, we show that
for any effective divisor D the formal group F`X,D is dual-algebraic. In the
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second step, we show that for any D there exists D′ ≥ D such that FX,D is
contained in the image of F`X,D′ in FX,D′ . Thus FX,D is a formal subgroup of
a quotient of a dual-algebraic formal group, hence dual-algebraic by Lemma
1.17. Then also the formal subgroup F0,redX,D of FX,D is dual-algebraic.
Step 1: Let D be an effective divisor on X. Write D =
∑
ht(q)=1 nqDq,
where q ranges over all points of codimension 1 in X, and Dq is the prime
divisor associated to q. Let S be the finite set of those q with nq > 0.
Let m = min {r | pr > nq − 1 ∀q ∈ S}. Hence for r ≥ m, if (fr−1, . . . , f0) ∈
filD−DredWr(KX), then fi ∈ OX for r > i ≥ m, according to Definition 3.2.
Then the Verschiebung Vr−m : Wm(KX) −→ Wr(KX) yields a surjective
homomorphism filD−DredWm(KX)/Wm(OX)−։ filD−DredWr(KX)/Wr(OX).
Thus
(
F`X,D
)
inf
is already generated by a finite sum via Exp:
(
F`X,D
)
inf
= Exp
 ∑
1≤r≤m
rŴ ⊗Wr(k) Γ
(
filD−DredWr(KX)
/
Wr(OX)
)
, 1
 .
Each Γ
(
X,filD−DredWr(KX)
/
Wr(OX)
)
is a finitely generatedWr(k)-module,
by the same proof as for Proposition 3.3. Hence
(
F`X,D
)
inf
is a quotient of
the direct sum of finitely many rŴ .
Moreover,
(
F`X,D
)
e´t
= (FX,D)e´t is an abelian group of finite type, sinceD
has only finitely many components. Thus F`X,D is dual-algebraic, according
to Proposition 1.16.
Step 2: We show that for any effective divisor D there exists an effec-
tive divisor D′ ≥ D such that FX,D is generated by F`X,D′ . We will find an
effective divisor D′ ≥ D such that Γ
(
filFD−DredWr(KX)
/
Wr(OX)
)
is gener-
ated by
∑
ν≥0 F
ν Γ
(
filD′−D′redWr(KX)
/
Wr(OX)
)
. This is sufficient because
Exp (v ⊗
∑
i F
νi ωi, 1) = Exp (
∑
iV
νi v ⊗ ωi, 1). Since the homomorphism
Vr−m : filFD−DredWm(KX)/Wm(OX) −→ fil
F
D−Dred
Wr(KX)/Wr(OX) is sur-
jective for r ≥ m, we only need to consider r = m.
The exact sequence
0 −→ Wr(OX ) −→Wr(KX) −→Wr(KX)
/
Wr(OX) −→ 0
yields the exact sequence
Γ
(
Wr(KX)
)
−→ Γ
(
Wr(KX)
/
Wr(OX )
)
−→ H1
(
Wr(OX)
)
−→ 0.
Here H1
(
Wr(KX)
)
= 0 since Wr(KX) is a flasque sheaf. Since H1
(
Wr(OX)
)
is a finite Wr(k)-module, there is an effective divisor E such that the map
Γ
(
filEWr(KX)
/
Wr(OX)
)
−→ H1
(
Wr(OX)
)
is surjective. Hence for any
σ ∈ Γ
(
filFD−DredWr(KX)
/
Wr(OX)
)
there is ρ ∈ Γ
(
filEWr(KX)
/
Wr(OX)
)
such that σ − ρ lies in the image of Γ
(
Wr(KX)
)
, hence in the image of
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Γ
(
filFE′Wr(KX)
)
, where E′ = max {E,D −Dred}. Therefore we are reduced
to showing that for any D there exists D′ ≥ D such that Γ
(
filFDWr(KX)
)
is
generated by
∑
ν≥0 F
ν Γ
(
filD′Wr(KX)
)
.
Consider the exact sequence
0 −→
⊕
ν≥0
fil⌊D/p⌋Wr(KX) −→
⊕
ν≥0
filDWr(KX) −→ fil
F
DWr(KX) −→ 0
where the third arrow is (wν)ν 7−→
∑
ν F
ν wν , and the second arrow is
(wν)ν 7−→ (Fwν − wν−1)ν , where we set w−1 = 0. Here ⌊D/p⌋ means the
largest divisor E such that pE ≤ D. This yields an exact sequence⊕
ν≥0
Γ
(
filDWr(KX)
)
−→ Γ
(
filFDWr(KX)
)
−→
⊕
ν≥0
H1
(
fil⌊D/p⌋Wr(KX)
)
.
Wr(KX) is the inductive limit of filEWr(KX), where E ranges over all effec-
tive divisors on X, hence
0 = H1
(
Wr(KX)
)
= H1
(
lim
−→
E
filEWr(KX)
)
= lim
−→
E
H1
(
filEWr(KX)
)
.
As H1
(
fil⌊D/p⌋Wr(KX)
)
is a finite Wr(k)-module, there is an effective divisor
D′ ≥ D such that the image of H1
(
fil⌊D/p⌋Wr(KX)
)
in H1
(
fil⌊D′/p⌋Wr(KX)
)
is 0. Thus the image of Γ
(
filFDWr(KX)
)
in Γ
(
filFD′Wr(KX)
)
is contained in∑
ν≥0 F
ν Γ
(
filD′Wr(KX)
)
.
Lemma 3.16. Let ϕ : X 99K G be a rational map from X to a smooth
connected algebraic group G. Then the following conditions are equivalent:
(i) mod (ϕ) ≤ D,
(ii) im (τϕ) ⊂ FX,D.
Proof. Write D =
∑
ht(q)=1 nqDq, where q ranges over all points in X
of codimension 1, and Dq is the prime divisor associated to q. Condition
(i) is thus expressed by the condition that for all q ∈ X of codimension 1 it
holds
(i)q modq(ϕ) ≤ nq.
Using the canonical splitting of a formal group into an étale and an infinites-
imal part, condition (ii) is equivalent to the condition that the following
(ii)e´t and (ii)inf are satisfied:
(ii)e´t im (τϕ,e´t) ⊂ (FX,D)e´t,
(ii)inf im (τϕ,inf) ⊂ (FX,D)inf .
Let L be the affine part of G. Remember from 2.2.1 that the transformation
τϕ : L
∨ −→ D̂ivX is given by 〈?, ℓϕ〉, where ℓϕ is the image of ϕ ∈ G (KX)
in Γ
(
G(KX)/G(OX )
) ∼
−→ Γ
(
L(KX)/L(OX )
)
, and the pairing
〈?, ?〉 : L∨ × Γ
(
L(KX)/L(OX )
)
−→ Γ
(
Gm(KX)/Gm(OX)
)
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is obtained from Cartier duality. Write L = T ×k U as a product of a
torus T and a unipotent group U . Fix an isomorphism T ∼= (Gm)
m and an
isomorphism U ∼= (Ga)
a if char(k) = 0, resp. an embedding U ⊂ (Wr)
a if
char(k) = p > 0. Let (tj)1≤j≤m be the image of ℓϕ under
Γ
(
L(KX)/L(OX )
)
−→ Γ
(
T (KX)/T (OX )
)
−→ Γ
(
Gm(KX)/Gm(OX)
)m
and (ui)1≤i≤a be the image of ℓϕ under
Γ
(
L(KX)/L(OX )
)
−→ Γ
(
U(KX)/U(OX )
)
−→
{
Γ
(
Ga(KX)/Ga(OX)
)a
Γ
(
Wr(KX)/Wr(OX)
)a
.
The étale part of τϕ is
τϕ,e´t : Z
m −→ Γ
(
Gm(KX)/Gm(OX)
)
(ej)1≤j≤m 7−→
m∏
j=1
t
ej
j .
The image of the infinitesimal part of τϕ is given by the image of
τ˜ϕ,inf :
(
Ĝa
)a(
rŴ
)a
}
−→ Γ
(
Gm(KX)/Gm(OX)
)
(vi)1≤i≤a 7−→
{ ∏a
i=1 exp(vi ui)∏a
i=1 Exp(vi · ui, 1),
cf. Example 1.11 for the pairing rŴ × Wr −→ Gm. For each q ∈ X of
codimension 1 let (tq,i)1≤j≤m be a representative in Gm(KX,q)
m of the image
of (tj)1≤j≤m under
Γ
(
Gm(KX)/Gm(OX)
)m
−→ Gm(KX,q)
m/Gm(OX,q)
m,
and let (uq,i)1≤i≤a be a representative in Ga(KX,q)
a resp. Wr(KX,q)a of the
image of (ui)1≤i≤a under
Γ
(
Ga(KX)/Ga(OX)
)a
−→ Ga(KX,q)
a/Ga(OX,q)
a
resp.
Γ
(
Wr(KX)/Wr(OX)
)a
−→Wr(KX,q)
a/Wr(OX,q)
a.
Then (ii)e´t is equivalent to the following condition being satisfied for every
point q ∈ X of codimension 1:
(ii)e´t,q If nq = 0, then tq,j ∈ Gm(OX,q) for 1 ≤ j ≤ m.
On the other hand, (ii)inf is equivalent to the following condition being
satisfied for every point q ∈ X of codimension 1, according to Definition
3.14 of FX,D:
31
(ii)inf ,q If nq = 0, then uq,i ∈ Ga(OX,q) resp. Wr(OX,q) for 1 ≤ i ≤ a.
If nq > 0, then nq(uq,i) ≤ nq − 1.
Note that ϕ ∈ G(OX,q) if and only if tq,j ∈ Gm(OX,q) for 1 ≤ j ≤ m and
uq,i ∈ Ga(OX,q) resp. Wr(OX,q) for 1 ≤ i ≤ a. By Definition 3.11, for each
q ∈ X of codimension 1
(i)q modq(ϕ) ≤ nq
if and only if (ii)e´t,q and (ii)inf ,q are satisfied.
Now assume k is algebraically closed. Arbitrary perfect base field is
considered in No. 3.2.2 and No. 3.2.3.
Theorem 3.17. The category Mr(X,D) of rational maps of modulus ≤ D
is equivalent to the category MrFX,D(X) of rational maps which induce a
transformation to FX,D.
Proof. According to the definitions of Mr(X,D) and MrFX,D(X), the
statement is due to Lemma 3.16.
Theorem 3.18. The Albanese Alb(X,D) of X of modulus D exists and is
dual (in the sense of 1-motives) to the 1-motive
[
F0,redX,D −→ Pic
0,red
X
]
.
Proof. By Theorem 3.17, Alb(X,D) is the universal object of the cate-
gory MrFX,D(X) (if it exists). A rational map from X to an algebraic group
induces a transformation to FX,D if and only if it induces a transformation
to F0,redX,D , by Lemma 2.6. Since F
0,red
X,D is dual-algebraic (Proposition 3.15),
the category MrFX,D(X) admits a universal object (Theorem 2.16), and this
universal object is dual to
[
F0,redX,D −→ Pic
0,red
X
]
(Remark 2.18).
3.2.2 Descent of the base field
Let k be a perfect field. Let k be an algebraic closure of k . Let X be a
smooth proper variety defined over k , and let D be an effective divisor on X
rational over k .
Theorem 3.19. There exists a k -torsor Alb(1)(X,D) for an algebraic k -
group Alb(0)(X,D) and rational maps defined over k
alb
(i)
X,D : X
2−i
99K Alb(i)(X,D)
for i = 1, 0, satisfying the following universal property:
If ϕ : X 99K G(1) is a rational map defined over k to a k -torsor G(1)
for an algebraic k -group G(0), such that mod (ϕ) ≤ D, then there exist a
unique homomorphism of k -torsors h(1) : Alb(1)(X,D) −→ G(1) and a unique
homomorphism of algebraic k -groups h(0) : Alb(0)(X,D) −→ G(0), defined
over k , such that ϕ(i) = h(i) ◦ alb(i)X,D for i = 1, 0.
Here Alb(0)(X,D) is dual to the 1-motive
[
F0,redX,D −→ Pic
0,red
X
]
.
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Proof. Follows directly from Thm. 2.21 and the definition of the modulus
via Galois descent (Def. 3.11).
Corollary 3.20. For every rational map ϕ : X 99K P from X to a torsor P
there exists an effective divisor D, namely D = mod (ϕ), such that ϕ factors
through Alb(1)(X,D).
Proposition 3.21. Let F be a formal k-subgroup of Div0,redX . Then F is
dual-algebraic if and only if there exists an effective divisor D, rational over
k, such that F ⊂ FX,D.
Proof. (⇐=) A formal subgroup of a dual-algebraic group is also dual-
algebraic, according to Lemma 1.17.
(=⇒) By Galois descent (possible for formal groups due to Cartier dual-
ity) we may assume that k is algebraically closed. LetD = mod (albF ) be the
modulus of the universal rational map albF : X −→ AlbF (X) associated to
F ⊂ Div0,redX . Then by Lemma 3.16 it holds that F = im (τalbF ) ⊂ FX,D.
3.2.3 Functoriality
We specialize the results from No. 2.3.3 to the case of Albanese varieties with
modulus.
Proposition 3.22. Let ψ : Y −→ X be a morphism of smooth proper vari-
eties. Let D be an effective divisor on X intersecting ψ(Y ) properly. Then
ψ induces a homomorphism of torsors Alb(1)X,DY,E (ψ) and a homomorphism
of algebraic groups Alb(0)X,DY,E (ψ),
Alb(i)X,DY,E (ψ) : Alb
(i)(Y,E) −→ Alb(i)(X,D)
for each effective divisor E on Y satisfying E ≥ (D −Dred) ·Y +(D · Y )red,
where B · Y denotes the pull-back of a Cartier divisor B on X to Y .
Proof. According to Proposition 2.22, for the existence of AlbX,DY,E (ψ) it is
sufficient to show FY,E ⊃ FX,D·Y . Definition 3.14 of FX,D implies that this is
the case if and only if Supp(E) ⊃ Supp(D ·Y ) and E−Ered ≥ (D −Dred)·Y .
But this is equivalent to E ≥ (D −Dred) · Y + (D · Y )red.
Corollary 3.23. If D and E are effective divisors on X with E ≥ D, then
there are canonical surjective homomorphisms Alb(i)(X,E)−։ Alb(i)(X,D)
for i = 1, 0, given by Alb(i)X,DX,E (idX).
Proof. If E ≥ D, it is evident that Alb(i)(X,E) generates Alb(i)(X,D),
thus Alb(i)X,DX,E (idX) is surjective.
33
3.3 Jacobian with modulus
Let C be a smooth proper curve over a perfect field k, which we assume to
be algebraically closed for convenience. Let D =
∑
q∈S nq q be an effective
divisor on C, where S is a finite set of closed points on C and nq are integers
≥ 1 for q ∈ S. The Jacobian J (C,D) of C of modulus D is by definition
the universal object for the category of those morphisms ϕ from C \ S to
algebraic groups such that ϕ
(
div(f)
)
= 0 for all f ∈ KC with f ≡ 1 mod D.
Here we used the definition ϕ
(∑
ljcj
)
=
∑
lj ϕ(cj) for a divisor
∑
ljcj on
C with cj ∈ C \ S, and “f ≡ 1 mod D” means vq(1− f) ≥ nq for all q ∈ S,
where vq is the valuation attached to the point q ∈ C.
Theorem 3.24. The generalized Jacobian J (C,D) of C of modulus D is an
extension
0 −→ L (C,D) −→ J (C,D) −→ J (C) −→ 0
of the classical Jacobian J (C) ∼= Pic0C of C, which is an abelian variety, by
the affine algebraic group L (C,D), which is characterized by
L (C,D) (k) =
∏
q∈S k(q)
∗
k∗
×
∏
q∈S
1 +mq
1 +m
nq
q
where k(q) denotes the residue field and mq the maximal ideal at q ∈ C.
Proof. [Se3, V, § 3], see also the summary [Se3, I, No. 1].
Theorem 3.25. The Jacobian with modulus J (C,D) is dual (in the sense
of 1-motives) to the 1-motive
[
F0C,D −→ Pic
0
C
]
, where F0C,D = F
0,red
C,D is the
formal subgroup of Div0C from Definition 3.14, and F
0
C,D −→ Pic
0
C is the
homomorphism induced by the class map Div0C −→ Pic
0
C .
Proof. We have to ensure that the category for which J (C,D) is uni-
versal is characterized by the formal group FC,D. The Jacobian J (C,D) of
modulus D is by definition the universal object for morphisms ϕ from C \S
to algebraic groups satisfying
(i) ϕ
(
div(f)
)
= 0 ∀f ∈ KC with f ≡ 1 mod D.
Condition (i) is equivalent to
(ii) (ϕ, f)q = 0 ∀q ∈ S, ∀f ∈ KC with f ≡ 1 mod D at q
where (ϕ, ?)? : K
∗
C × C −→ G(k) is the local symbol associated to the
morphism ϕ : C \ S −→ G, according to [Se3, I, No. 1, Thm. 1 and III, § 1].
It is shown in [KR2, No. 6.1–6.3] that condition (ii) is equivalent to
(iii) mod (ϕ) ≤ D.
Then the assertion is due to Theorems 3.17 and 3.18.
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3.4 Relative Chow group with modulus
Let X be a smooth proper variety over an algebraically closed field k, let D
be an effective divisor on X and Dred the reduced part of D.
Notation 3.26. If C is a curve in X, then ν : C˜ −→ C denotes the nor-
malization. For f ∈ KC , we write f˜ := ν∗f for the image of f in KC˜ . If
ϕ : X 99K G is a rational map, we write ϕ|C˜ := ϕ|C ◦ ν for the composition
of ϕ and ν. If B is a Cartier divisor on X intersecting C properly, then B · C˜
denotes the pull-back of B to C˜.
Definition 3.27. Let Z0 (X \D) be the group of 0-cycles on X \D, set
R0(X,D) =
{
(C, f)
∣∣∣∣ C a curve in X intersecting Supp(D) properly,f ∈ K∗C s.t. f˜ ≡ 1 mod (D −Dred) · C˜ + (D · C˜)red
}
and let R0 (X,D) be the subgroup of Z0 (X \D) generated by the elements
div(f)C with (C, f) ∈ R0(X,D). Then define
CH0(X,D) = Z0(X \D)
/
R0(X,D).
Let CH0(X,D)0 be the subgroup of CH0(X,D) of cycles ζ with deg ζ|W = 0
for all irreducible components W of X \D.
Definition 3.28. Let MrCH(X,D) be the category of rational maps from
X to algebraic groups defined as follows: the objects of MrCH(X,D) are
morphisms ϕ : X \ D −→ G whose associated map on 0-cycles of degree
zero Z0(X \ D)0 −→ G(k),
∑
li pi 7−→
∑
li ϕ(pi), li ∈ Z, factors through
a homomorphism of groups CH0(X,D)0 −→ G(k). The morphisms are the
ones as in Definition 2.8. We refer to the objects of MrCH(X,D) as rational
maps from X to algebraic groups factoring through CH0(X,D)0.
Theorem 3.29. The category Mr(X,D) of rational maps of modulus ≤ D
is equivalent to the category MrCH(X,D) of rational maps factoring through
CH0(X,D)
0. In particular, the Albanese Alb(X,D) of X of modulus D is
the universal quotient of CH0(X,D)0.
Proof. According to the definitions of Mr(X,D) and MrCH(X,D) the
task is to show that for a morphism ϕ : X \D −→ G from X \D to a smooth
connected algebraic group G the following conditions are equivalent:
(i) mod (ϕ) ≤ D,
(ii) ϕ (div(f)C) = 0 ∀ (C, f) ∈ R0(X,D).
Since ϕ (div(f)C) = ϕ|C˜
(
div
(
f˜
)
C˜
)
(see [Ru, Lemma 3.32]), condition (ii) is
equivalent to the condition
(iii) mod
(
ϕ|
C˜
)
≤ (D −Dred) · C˜ +
(
D · C˜
)
red
for all curves C in X intersecting Supp(D) properly,
as was seen in the proof of Theorem 3.25, substituting D by (D −Dred) · C˜+(
D · C˜
)
red
. The equivalence of (i) and (iii) is the content of Lemma 3.30.
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Lemma 3.30. Let ϕ : X 99K G be a rational map from X to a smooth
connected algebraic group G. Then the following conditions are equivalent:
(i) mod (ϕ) ≤ D,
(ii) mod
(
ϕ|
C˜
)
≤ (D −Dred) · C˜ +
(
D · C˜
)
red
for all curves C in X intersecting Supp(D) properly.
Proof. (i)=⇒(ii) Let C be a curve in X intersecting D properly. As ϕ is
regular away from D, the restriction ϕ|
C˜
of ϕ to C˜ is regular away from D ·C˜ .
Hence Supp
(
mod
(
ϕ|C˜
) )
⊂ Supp
(
D·C˜
)
= Supp
(
(D−Dred)·C˜+
(
D·C˜
)
red
)
.
According to Definition 3.11 of the modulus, it is easy to see that mod (ϕ) ≤
D = (D −Dred) +Dred implies mod
(
ϕ|
C˜
)
≤ (D −Dred) · C˜ +
(
D · C˜
)
red
.
(ii)=⇒(i) Let E := mod (ϕ) and q ∈ Supp(E) be a point of codimension 1
in X. We are going to construct a family of smooth curves {Ce}e intersecting
E in a fixed point x ∈ Eq = {q} such that
lim
e→∞
modx (ϕ|Ce)
µx
(
(E − Ered) · Ce
)
+ 1
= 1
where µx (E · C) denotes the intersection multiplicity of E and C at x.
After the construction we will show that the existence of such a family
of curves for each q ∈ Supp(E) of codimension 1 in X yields the implication
(ii)=⇒(i).
If char(k) = 0, it is easy to see that a general curve C in X intersecting
Eq in a point x satisfies modx (ϕ|C) = µx
(
(E − Ered) · C
)
+ 1. Therefore
we suppose that char(k) = p > 0. Using the notation of Definition 3.11,
let (uq,i)1≤i≤a ∈ Wr(KX,q)
a be a representative of the unipotent part of
the class of ϕ ∈ G(KX,q) in G(KX,q)/G(OX,q) = L(KX,q)/L(OX,q). Then
modq(ϕ) = 1+nq(uq,i) for some 1 ≤ i ≤ a. Set n := nq(uq,i). Let t ∈ mX,q be
a uniformizer at q. Let
∑
ν F
ν ⊗ων⊗ t
−n ∈ k[F]⊗kΩX,q(log q)⊗OX,q m
−n
X,q be
a representative of dnq(uq,i) ∈ Dnq (Definition 3.7). Choose a regular closed
point x ∈ Eq such that t is a local equation for Eq at x and ων is regular and
6= 0 at x for some ν. We may assume that dimX = 2 via cutting down by
hyperplanes through x transversal to Eq. Let s ∈ mX,x be a local parameter
at x that gives a uniformizer of OEq ,x. Define a curve Ce locally around x
by the equation t = se for e ≥ 1. Note that E − Ered is locally defined by
the equation tn = 0. Then
µx
(
(E − Ered) · Ce
)
= dimk
OX,x
(tn, t− se)
= ne.
We can write ων = g ds+ hd log t with g, h ∈ OX,q and the values at x are
g(x) 6= 0 if dnq(uq,i) ∈ ♭Dnq, and h(x) 6= 0 if dnq(uq,i) ∈ Dnq \ ♭Dnq and x in
general position (what we assume), for some ν. The restriction of t−nων to
Ce is
t−nων|Ce = s
−neg ds+ s−nehd log se
= s1−neg d log s+ e s−nehd log s,
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and the class of t−nων |Ce is 6= 0 in{
ΩCe,x(log x)⊗OCe,x m
−ne
Ce,x
/
m
1−ne
Ce,x
if dnq(uq,i) ∈ Dnq \ ♭Dnq and p ∤ e
ΩCe,x(log x)⊗OCe,x m
1−ne
Ce,x
/
m
2−ne
Ce,x
if dnq(uq,i) ∈ ♭Dnq.
Lemma 3.10 assures that the modulus of ϕ|Ce is computed from the restric-
tion (of a representative) of dnq(uq,i) to Ce, for e large enough such that
ne− 1 > ⌊ne/p⌋ (this is satisfied for e > 2). Thus we have
nx (uq,i|Ce) =
{
ne if dnq(uq,i) ∈ Dnq \ ♭Dnq and p ∤ e
ne− 1 if dnq(uq,i) ∈ ♭Dnq,
modx (ϕ|Ce) =
{
ne+ 1 if dnq(uq,i) ∈ Dnq \ ♭Dnq and p ∤ e
ne if dnq(uq,i) ∈ ♭Dnq.
Then
lim
e→∞
p∤e
modx (ϕ|Ce)
µx
(
(E − Ered) · Ce
)
+ 1
= 1.
Now we show ¬(i) =⇒ ¬(ii). Suppose E := mod (ϕ) 6≤ D. Then there is
a point q ∈ Supp(E) of codimension 1 in X such that µq(E) > µq(D), where
µq is the multiplicity at q. By the construction above there is a sequence of
curves {Ce}e in X intersecting E in a fixed point x ∈ Eq such that
lim
e→∞
p∤e
modx (ϕ|Ce)
µx ((E − Ered) · Ce) + 1
= 1.
If µq(D) 6= 0, then since
sup
e≥0
µx ((D −Dred) · Ce) + 1
µx ((E − Ered) · Ce) + 1
< 1
there is e such that modx (ϕ|Ce) > µx
(
(D −Dred) · Ce
)
+ 1. If µq(D) = 0,
then 0 6= mod (ϕ|Ce)x > µx
(
(D −Dred) · Ce + (D · Ce)red
)
= 0. Thus
mod (ϕ|Ce) 6≤ (D −Dred) · Ce + (D · Ce)red.
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